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sanchez@gdl.cinvestav.mx

Abstract— This paper presents an inverse optimal neural
controller, which is developed on the basis of two techniques:
a) inverse optimal control to avoid solving the Hamilton
Jacobi Bellman (HJB) equation associated to nonlinear system
optimal control, and b) an on-line neural identifier, which uses
a recurrent neural network, trained with the extended Kalman
filter (EKF), in order to build a model of an assumed unknown
nonlinear system. The applicability of the proposed approach
is illustrated via simulations by trajectory tracking control of
a planar robot.
Index Terms: Optimal control, Neural Networks, Passivity.

I. INTRODUCTION

In optimal nonlinear control, we deals with the problem
of finding a control law for a given system such that
a certain optimality criterion is minimized. It includes a
cost functional, which is a function of state and control
variables. It is required to solve the HJB equation, which
is a challenging task.

The aim of the inverse optimal control is to avoid the
solution of the HJB equation, since, it is difficult to solve
(Sepulchre et al., 1997; Krstić and Deng, 1998). In the
inverse approach, a stabilizing feedback control is designed
first, and then it is shown that this control optimize a cost
functional. The main characteristic of the inverse problem is
that the meaningful cost function is a posteriori determined
for the stabilizing feedback.

A controller based on a plant model can seldom perform
as desired, due to internal and external disturbances, uncer-
tain parameters, or unmodelled dynamics (Gourdeau, 1997).
This fact motivates to derive a model based on recurrent
hight order neural network (RHONN) to identify the dy-
namics of the plant to be controlled.

In this paper, as an application, we present a decentralized
inverse optimal controller based on the identifier (RHONN)
for a two DOF planar robot. For identification, we use a
recurrent neural networks identifier, capable of modeling
uncertain nonlinear systems (Rovithakis and Christodoulou,
2000). The proposed controller is based on the discrete-time
RHONN model and discrete-time inverse optimal control.
To achieve trajectory tracking, we employ the passivity-
based control theory (Ortega and Spong, 1989; Navarro-
López, 2007), with a quadratic storage function, such that
asymptotic convergence to state reference trajectory is guar-
anteed.

The proposed neural identifier and control scheme appli-
cability is illustrated by trajectory tracking simulations for

a two DOF planar robot.

II. MATHEMATICAL PRELIMINARIES

Let consider a nonlinear affine system and an output (to
achieve passivity) given as

xk+1 = f (xk) + g(xk)uk (1)

yk = h(xk) + J(xk)uk (2)

where xk ∈ Rn is the state of the system at time k ∈
N , u, y ∈ Rm f : Rn → Rn, g : Rn → Rn×m, h :
Rn → Rm, and J : Rn → Rm×m are smooth and bounded
mappings. We assume f(0) = 0 and h(0) = 0. N denotes
the set of nonnegative integers.

The first problem addressed in this paper is to find a
feedback control law which stabilizes system (1) at its
equilibrium point and to establish that this controller is
inverse optimal with respect to a given cost functional as

J =
∞∑
k=0

[L(xk, uk)] (3)

where L(xk, uk) is a non-negative function. Similar to
the continuous time case, the discrete-time Hamiltonian
becomes (Haddad et al., 1998)

H(xk, uk) = L(xk, uk) + V (xk+1)− V (xk). (4)

where V : Rn → R is a nonnegative definite function such
that V (0) = 0 and V (xk) > 0 for all xk. Before to design
a stabilizing and inverse optimal control law, we present
definitions, sufficient conditions and key results, which help
us to solve the stabilization problem and the inverse optimal
control of discrete time nonlinear systems.

Due to the fact that the inverse optimal control is based on
a Lyapunov function, we establish the following definition:

Definition 1: (DTCLF (Amicucci et al., 1997)) Let V1 a
radially unbounded, definite positive function with V1(0) =
0. If for any xk ∈ Rn, there exist real values uk such that

∆V1(xk, uk) < 0

where ∆V1(xk, uk) is defined as V1 (f(xk) + g(xk)uk)−
V1(xk).

Then V1(·) is said to be a “discrete time control Lyapunov
function” (DTCLF) for system (1).

Congreso Anual 2010 de la Asociación de México de Control Automático. Puerto Vallarta, Jalisco, México.



Definition 2: (Passivity (Brogliato et al., 2007)) The sys-
tem (1)-(2) is said to be passive if there exists a non-negative
function V , called storage function, such that for all uk

V (xk+1)− V (xk) ≤ yTk uk (5)

where (·)T denotes transpose.
This storage function can be considered as a dtclf.

III. TRAJECTORY TRACKING

In this section, we propose a DTCLF such that the new
energy function (storage function) has a global minimum
on the desired trajectory xδ,k as

V (xk, xδ,k) =
1
2

(xk − xδ,k)T KT P K (xk − xδ,k) (6)

where xδ,k is the desired trajectory and K is an additional
gain matrix to modify the convergence rate of the tracking
error.

Theorem 1: Assume an affine discrete-time nonlinear
system (1), and define an output as

yk = h(xk, xδ,k+1) + J(xk)uk (7)

which is zero-state detectable with a candidate DTCLF
defined by (6), and satisfies the modified passivity condition

V (xk+1, xδ,k+1)− V (xk, xδ,k) ≤ yTk uk. (8)

Then, system (1) with output (7), is asymptotically stabi-
lized by the output feedback uk = −yk and thus

uk = − (Im + J(xk))−1
h(xk, xδ,k+1) (9)

with

h(xk, xδ,k+1) = gT (xk)P (f(xk)− xδ,k+1)

and
J(xk) =

1
2
gT (xk)P g(xk)

if

fT P f + xTδ,k+1 P xδ,k+1 − fT P xδ,k+1 +

xTδ,k+1 P f − (xk − xδ,k)T P (xk − xδ,k) ≤ 0, (10)

where Im is the m × m identity matrix, (·)−1 denotes
inverse, and P = KT P K is a definite positive matrix.

Moreover, with (6) as a DTCLF, this control law is
inverse optimal in the sense that minimizes the meaningful
functional given as

J =
∞∑
k=0

L(xk, xδ,k, uk). (11)

Proof: Let (6) be a candidate DTCLF. System (1) with
output (7), must be rendered passive, such that the inequality
(8) is fulfilled. Thus, from (8), and considering one step
ahead for xδ,k, we have

(xk+1 − xδ,k+1)T KT P K (xk+1 − xδ,k+1)
2

− (xk − xδ,k)T KT P K (xk − xδ,k)
2

(12)

≤ hT (xk, xδ,k)uk + uTk J
T (xk)uk.

Defining P = KT P K and substituting (1) in (12), we
have

(f + g uk − xδ,k+1)T P (f + g uk − xδ,k+1)
2

− (xk − xδ,k)T P (xk − xδ,k)
2

(13)

≤ hT uk + uTk J
T uk

then (13) becomes

fT P f + xTδ,k+1 P xδ,k+1 − fT P xδ,k+1 +

xTδ,k+1 P f − (xk − xδ,k)T P (xk − xδ,k) + (14)

(2fT P g − 2xTδ,k+1 P g)uk + uTk g
T P g uk

≤ 2hTuk + 2uTk J
Tuk.

From (14), passivity is achieved if:
1) from the first term of (14), we can find P > 0 such

that

fT P f + xTδ,k+1 P xδ,k+1 − fT P xδ,k+1 +

xTδ,k+1 P f − (xk − xδ,k)T P (xk − xδ,k) ≤ 0, (15)

2) (2fTPg − 2xTδ,k+1 P g)uk = 2hT uk, thus

h(xk, xδ,k+1) = gT (xk)P (f(xk)− xδ,k+1), (16)

3) uT gT P g uk = 2uTk J
T uk, thus

J(xk) =
1
2
gT (xk)P g(xk). (17)

If system (1) with output (7) fulfill the zero-state de-
tectability property, from 1), 2), and 3) we deduce that, if
there exist a P , such that satisfies (15), then the system
(1) with output (2) is passive. To guarantee asymptotic
trajectory tracking , we choose uk = −yk (Navarro-López,
2007; Byrnes and Lin, 1995), and then V (xk+1, xδ,k+1)−
V (xk, xδ,k) ≤ −yTk yk ≤ 0, which satisfies the Lyapunov
forward difference of V .

In order to establish the inverse optimality, we minimize
(4) w.r.t. uk, with

L(xk, uk) = l(xk) + uTk uk (18)
= l(xk)− yTk uk (19)

where we define l(xk) = −
(
fT P f + xTδ,k+1 P xδ,k+1−

fT P xδ,k+1 + xTδ,k+1 P f − (xk − xδ,k)T P (xk − xδ,k)
)

≥ 0; thus, we have1

0 = min
uk

{L(xk, uk) + V (xk+1)− V (xk)}

= min
uk

{
l(xk)− yTk uk + V (xk+1)− V (xk)

}
= −hT − uTk (J + JT ) + (fT − yTk gT )P g (20)
−gT P xδ,k+1

= −hT − uTk (J + JT ) + fT P g − yTk gT P g
−gT P xδ,k+1

1The arguments in the functions are omitted to easy the writing.
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Considering hT = (f − xδ,k+1)T P g and J = JT , we
obtain

0 = −uTk J − hT J − uTk JT J
uTk (J + JT J) = −hT J (21)

(J + J2)uk = −J h

and solving for uk, the proposed inverse optimal control
law is given as

uk = − (Im + J(xk))−1
h(xk, xδ,k+1).

Comment 1: Theorem 1 guarantees that system (1) in-
deed tracks the desired trajectory xδ,k.

IV. IDENTIFICATION

Analysis of large-scale nonlinear system requires of a lot
of effort, since, the real model parameters some times are so
difficult to obtain (Gourdeau, 1997). So, we derive a model
based on recurrent hight order neural network (RHONN) to
identify the dynamics of the plant.

We consider a general class of decentralized systems
affine in the control with disturbance term as in (Castillo-
Toledo et al., 2008); the same structure is assumed for the
neural network.

A. Decentralized Nonlinear systems

Consider a class of discrete-time perturbed and intercon-
nected nonlinear system (Ornelas et al., 2008)

χi,k+1 = f̄i(χi,k) + ḡi(χi,k)ui,k + Γi`,k (22)

where i = 1, . . . , N , χi ∈ Rni , ui ∈ Rmi ; N is the number
of subsystems. χ` reflect the interaction between the i-th
and the `-th subsystem with 1 ≤ ` ≤ N and ` 6= i. We
assume that f̄i, ḡi and Γi are smooth and bounded functions.
Without loss of generality, χ = 0 is an equilibrium point of
(22). f̄i(0) = 0, ḡi(0) = 0.

B. Decentralized RHONN

To identify the subsystem (22), let consider the following
discrete time RHONN as in (Rovithakis and Christodoulou,
2000):

xj,k+1 = wTj,k ρj(xj,k, uj,k) (23)

where xj is the state of the j-th neuron, j = 1, . . . , ni; wj
is the respective on-line adapted weight vector. Now, if we
define the following vector of the form

ρj(xk, uk) =


ρj1,k
ρj2,k

...
ρjLp ,k

 =


∏
`∈I1 Z

dj`
(1)

j`∏
`∈I2 Z

dj`
(2)

j`
...∏

`∈ILp
Z
dj`

(Lp)

j`

 (24)

where dj` are nonnegative integers; Lp is the respective
number p of high-order connections, {I1, I2, . . . , ILp

} is a

collection of non-ordered subsets of {1, 2, . . . , ni+mi}; Zj
is a vector defined as

Zj =



Zj1
...

Zjni

Zjni+1

...
Zjni+mi


=



S(x1,k)
...

S(xj,k)
u1,k

...
umi,k


with ui = [ui1 , ui2 , . . . , uimi

]T as the input vector to the
neural network; the sigmoid function S(·) is defined by

S(x) =
αj

1 + e−βjx
− γj

where the sigmoid S(·) ∈ [−1, 1]; α, β and γ are positive
constants.

We propose the following modifications of the discrete-
time RHONN (23) for the system described by (22)
(Ornelas et al., 2008):
• Only first order connections are consider, i.e, p = 1 in

(24) and so it is ommited for notation convenience.
• Some of the components of the vector Zj pass through

any function non necessary a sigmoid one.
• Some of the neural weights must be fixed to ensure

controllability of the identifier.
Based on these modifications and using the structure of

the system (22), we propose the following neural networks
model:

xji,k+1 = W j
i,k ρi(x

j
i,k) +W

′j
i ψji (x

j+1
i,k , ui,k) (25)

where xi =
[
x1T
i x2T

i · · ·x
niT
i

]
is the i-th block neuron state

with the same properties that (22), W j
i,k are the adjustable

weight matrices, W
′j
i are matrices with fixed parameters

and rank(W
′j
i ) = nij , with j = 1, . . . , ni; ψ denotes a

linear function of x or u corresponding to the plant structure
(22) or external inputs to the network, respectively. Vector
ρi in (25) is like (24), but Zjil is redefined as

Zjil =

 Zji1
...
Zjil

 =

 S(xji1,k)
...

S(xjil,k)

 .
where l is any adecuate selection of the neural states. The
on-line adjustable weight matrices W j

i,k are defined as

W j
i,k =

 wji1 · · · wji1
...

. . .
...

wjil · · · wjil

 .
Remark 1: It is worth to notice that (25) does not

consider the interconnection terms, the known or unknown
disturbances, modeling errors, etc., which exist in any
realistic problem.
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C. On-line Learning Law

The decentralized identification scheme proposed is
based only on local information available for each subsys-
tem.

Based on results presented in (Rovithakis and
Christodoulou, 2000), we can assume that there exists
RHONN which fully describes (22); thereby, the plant
model can be described by

χi,k+1 = W ∗i,k ρi(χi,k, ui,k) + vi,k (26)

where W ∗i,k ∈ RLip is the optimal unknown weight matrix,
and the modelling error vi,k is given by

vi,k = f̄i(χi,k) + ḡi(χi,k)ui,k + Γi`,k
−Wi,k ρ(χi,k, ui,k).

Remark 2: The modelling error term vi,k can be done
arbitrarily small selecting appropriately the number Lp
of high-order connections (Rovithakis and Christodoulou,
2000).

For identification of (22), two possible models for (25)
can be used

• Parallel model

xji,k+1 = W j
i,k ρi(x

j
i,k) +W

′j
i ψji (x

j+1
i,k , ui,k) (27)

• Series–parallel model

xji,k+1 = W j
i,k ρi(χ

j
i,k) +W

′j
i ψji (χ

j+1
i,k , ui,k). (28)

The tracking of a desired trajectory, defined in terms of
the plant state χji formulated as (22) can be established as
the following inequality:∥∥∥χjiδ − χji∥∥∥ ≤ ∥∥∥χji − xji∥∥∥+

∥∥∥χjiδ − xji∥∥∥ (29)

where ‖·‖ stands for the Euclidean norm, χjiδ is the de-
sired trajectory signal, which assume smooth and to be
bounded. This proposition is possible based on the sep-
aration principle for discrete-time nonlinear systems (Lin
and Byrnes, 1994). From (29), we establish the following
requirements for the neural network tracking and control
solution:

Requirement 1:

lim
t→∞

∥∥∥χji − xji∥∥∥ ≤ ζji (30)

with ζji a small positive constant.
Requirement 2:

lim
t→∞

∥∥∥χjiδ − xji∥∥∥ = 0. (31)
An on-line neural identifier (trained with extended

Kalman filter) based on (25) ensures (30) (Alanis, 2007),
while (31) is guaranteed by a discrete controller developed
using inverse optimal control technique.

D. On-line Weight Update Law

We propose an EKF for the RHONN on-line learning
(Sanchez and Alanis, 2006). The weights become the states
to be estimated; the main objective of the EKF is to find
the optimal values for the weights W j

i,k such that the
prediction error is minimized. The EKF solution to the
training problem is given by the following recursion:

M j
i,k

Kj
i,k

W j
i,k+1

P ji,k+1

=
=
=
=

[Rji,k +HjT
i,k P

j
i,kH

j
i,k]−1

P ji,kH
j
i,kM

j
i,k

W j
i,k + ηji K

j
i,k e

j
i,k

P ji,k −K
j
i,kH

jT
i,kP

j
i,k +Qji,k

(32)

where the matrix W j
i,k represents the estimate of the j-th

weight (state) of the ith subsystem at update step k. This
estimate is a function of the Kalman gain Kj

i and the state
error eji,k = χji,k − xji,k, where χji is the plant state and
xji is the RHONN state. The Kalman gain is a function
of the approximate error covariance matrix P ji , a matrix
of derivatives of the network’s outputs with respect to all
trainable weight parameters Hj

i as follow

Hj
i,k =

[
∂xji,k

∂W j
i,k

]T
(33)

and a global scaling matrix M j
i . Here Qji is the covariance

matrix of the process noise and Rji is the measurement noise
covariance matrix. As additional parameter we introduce
the rate learning ηji such that 0 ≤ ηji ≤ 1. Usually P ji and
Qji are initialized as diagonal matrices, with entries P ji (0)
and Qji (0) respectively. We set to Qji and Rji fixed. In the
training, the values of Hj

i,k, Kj
i,k and P ji,k must be bounded.

V. INVERSE OPTIMAL CONTROL

Once, the large-scale system (22) is modeled by the pro-
posed sub-system neural identifier, we proceed to develop
the representation for system (22) such as required. Using
series–parallel model (27), system (25) can be represented
in r blocks as

x1
i,k+1 = W 1

i,k ρi(χ
1
i,k) +W

′1
i χ2

i,k

x2
i,k+1 = W 2

i,k ρi(χ
1
i,k, χ

2
i,k) +W

′2
i χ3

i,k (34)
...

xri,k+1 = W r
i,k ρi(χ

1
i,k, . . . , χ

r
i,k) +W

′r
i ui,k

where rank(W
′j
i ) = nij , i = 1, . . . , N ; j = 1 . . . , r; r =

ni.
System (34) can be presented in a general form as

xi,k+1 = fi(χi,k) + gi(χi,k)ui,k. (35)

For system (35), we apply the inverse optimal control law
(9) as

ui,k = − [Im + Ji(χi,k)]−1
hi(χi,k, χiδ,k+1)
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with

hi(χi,k, χiδ,k+1) = gTi (χi,k)Pi (fi(χi,k)− χiδ,k+1)

and
Ji(χi,k) =

1
2
gTi (χi,k)Pi gi(χi,k).

VI. APPLICATION TO A TWO DOF PLANAR ROBOT

In this section we apply the above discussed approach
to synthesize a neural network position tracking control for
both, link 1 and link 2, of a two DOF planar rigid robot.

A. Robot Model

After discretizing by means of the Euler approximation
the robot dynamics, the discrete-time planar robot model
can be written as:

x1,k+1 = x1,k + x3,k T

x1
2,k+1 = x2,k + q4,k T

x3,k+1 = x3,k +
(
−D22(V1 + F1) +D12(V2 + F2)

D11D22 −D2
12

+
D22 u1,k −D12 u2,k

D11D22 −D2
12

)
T (36)

x4,k+1 = x4,k +
(
D12(V1 + F1)−D11(V2 + F2)

D11D22 −D2
12

+
−D12 u1,k +D11 u2,k

D11D22 −D2
12

)
T

where T is the sampling time, u1,k and u2,k are the applied
torques and x1 = θ1, x2 = θ2 are the positions; x3 = θ̇1,
x4 = θ̇2 are the velocities; i = 1, 2; s2 = sin(x2), c2 =
cos(x2) and, with entries in (36) as
D11(Θ) = m1l

2
c1 +m2(l21 + l2c2 + 2l1lc2c2) + Izz1 + Izz2

D12(Θ) = m2l
2
c2 +m2l1lc2c2 + Izz2

D22(Θ) = m2l
2
c2 + Izz2

V1(Θ, Θ̇) = −m2l1lc2s2(θ̇1 + θ̇2)θ̇2 −m2l1lc2θ̇1θ̇2s2
V2(Θ, Θ̇) = m2l1lc2s2(θ̇1)2

F1(Θ, Θ̇) = µ1θ̇1
F2(Θ, Θ̇) = µ2θ̇2.

Remark 3: The structure of system (36) is used to design
the neural network identifier. The parameters of the system
(36) are assumed to be unknown for the control synthesis.

Remark 4: This example is a scalar case of the system
(22), where N = 2, j = 2, r = 2, ni = 2 in (22). To
identify this system, the series-parallel model (28) is used.

B. Decentralized Neural Network

To identify the uncertainty robot model, from (25), (28)
and (34) we propose the following decentralized series–
parallel neural network according to Remark 3 and Remark
4

x1
i,k+1 = w1

i1,k Si(χ
1
i,k) + w1

i2,k + w
′1
i χ

2
i,k

x2
i,k+1 = w2

i1,k Si(χ
2
i,k) + w2

i2,k + w
′2
i ui (37)

where x1
i,k identifies to χ1

i,k and x2
i,k identifies to χ2

i,k; i =
1, 2; wjip are the adjustable weights, p is the number of

adjustable weights with p = 1, 2; j = 1, 2; w
′j
i are fixed

parameters.
To update the weights, the adaptation algorithm (32) is

implemented.

C. Control Design

The goal is to force the angle position x1
i,k to track a

desired reference signal χ1
iδ,k, where xi,k = [x1

i,k x2
i,k]T

and χi,k = [χ1
i,k χ2

i,k]T . This is achieved by designing a
control law as described in section III.

If we rewrite the system (37) in the form (35), from
Section V, the proposed control law is the scalar case for
(9), given as

ui,k = − [1 + Ji(χi,k)]−1
hi(χi,k, χiδ,k+1) (38)

where hi(χi,k, χiδ,k+1) and Ji(χi,k) are defined as in (16)
and (17), respectively.

D. Simulation Results

The simulation initial conditions are given in the Table
I; the identifier (37) and controller parameters are shown in
Table II. The sample time is T = 0.001 s.

TABLE I
SIMULATION INITIAL CONDITIONS

χ1
1,0 1 rad χ1

2,0 -1 rad
χ2

1,0 0 rad/s χ2
2,0 0 rad/s

x1
i,0 0 rad x2

i,0 0 rad/s

TABLE II
IDENTIFIER PARAMETERS

PARAMETER VALUE PARAMETER VALUE
w

′1
1 0.001 w

′1
2 0.001

w
′2
1 8 w

′2
2 9

η1
i 0.8 η2

i 0.85

The value of Pi for each sub-system are

P1 =
[

0.2 0.1
0.1 0.2

]
and P2 =

[
0.02 0.01
0.01 0.02

]
.

Matrices K1 and K2 are chosen as

K1 =
[

90 0
0 1

]
and K2 =

[
95 0
0 1

]
,

thus, P 1 = KT
1 P1K1 and P 2 = KT

2 P2K2.
The reference signals are

χ1
1δ,k = 1.4 sin(0.25 k T ) rad

χ1
2δ,k = 1.4 sin(0.34 k T ) rad.

References χ2
1δ,k and χ2

2δ,k, are defined accordingly.
These reference signals are selected to illustrate the abil-

ity of the proposed algorithm to track nonlinear trajectories;
the tracking performance of the link 1 (i = 1) and link 2
(i = 2) position are shown in the Fig. 1. The control signals
u1 and u2 responses are displayed in Fig. 2.
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Fig. 1. Tracking performance of χ1
iδ (solid line), χ1

i (dash-dot) and x1
i

(dashed line), respectively.
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Fig. 2. Performance of the control signals u1 and u2.

VII. CONCLUSION

This paper has presented a discrete-time inverse optimal
control, which achieve asymptotic convergence to state
reference trajectory and is inverse optimal in the sense that
it, a posteriori, minimizes a meaningful cost functional.
We use discrete-time recurrent neural networks to model
a uncertain large-scale nonlinear systems; thus, an explicit
knowledge of the plant is not necessary. The proposed
approach is successfully applied to implement a robust
control based on RHONN, passivity and inverse optimality
for a two DOF planar robot. Simulation results illustrate that
the required goal is achieved, i.e., the designed controller

maintains stability on reference for the plant with unknown
parameters. The training of the neural network is performed
on-line using an extended Kalman filter.
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Amicucci, Giovani Luca, Salvatore Monaco and Dorotheé Normand-
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